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ON THE RELATIVE COHEN-MACAULAY MODULES
MAJID RAHRO ZARGAR
Abstract. Let R be a commutative Noetherian local ring and let a be a proper
ideal of R. In this paper, as a main result, it is shown that if M is a Gorenstein
R-module with c = htMa, then H
i
a(M) = 0 for all i 6= c is completely encoded in
homological properties of Hca(M), in particular in its Bass numbers. Notice that,
this result provides a generalization of a result of Hellus and Schenzel which has
been proved before, as a main result, in the case where M = R.
1. introduction
Throughout this paper, R is a commutative Noetherian ring, a is a proper ideal
of R and M is an R-module. For a prime ideal p of R, the residue class field Rp/pRp
is denoted by k(p). For each non-negative integer i, let Hia(M) denotes the i-th
local cohomology module of M with respect to a; see [1] for its definition and basic
results. A Gorenstein module over a local ring R is a maximal Cohen-Macaulay
module of finite injective dimension. This concept was introduced by Sharp in [7]
and studied extensively by him and other authors. In the present paper, we will
use the concept of relative Cohen-Macaulay modules which is a generalization of the
concept of Cohen-Macaulay modules. This kind of modules has been studied in [3]
under the title of cohomologically complete intersections and continued in [5]. In [3]
Hellus and Schenzel, as a main result, showed that if (R,m, k) is a Gorenstein local
ring and a is an ideal of R with htRa = c and dimR/a = d such that R is relative
Cohen-Macaulay in V(a) \ {m}, then the following statements are equivalent.
(i) Hia(R) = 0 for all i 6= c, i.e R is relative Cohen-Macaulay with respect to a.
(ii) Hdm(H
c
a(R))
∼= ER(k) and H
i
m(H
c
a(R)) = 0 for all i 6= d.
(iii) ExtdR(k,H
c
a(R))
∼= k and ExtiR(k,H
c
a(R)) = 0 for all i 6= d.
(iv) µi(m,Hca(R)) = δdi.
Moreover, if a satisfies the above conditions, it follows that Rˆa ∼= HomR(H
c
a(R),H
c
a(R))
and ExtiR(H
c
a(R),H
c
a(R)) = 0 for all i 6= 0, where Rˆ
a denotes the a-adic completion
of R.
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As a main result, in Theorem 2.9, we generalize the above result for a Gorenstein
R-moduleM . Indeed, it is shown that ifM is a Gorenstein R-module with c = htMa
and d = dimM/aM such that M is relative Cohen-Macaulay in SuppR(M/aM) \
{m}, then the following statements are equivalent.
(i) Hia(M) = 0 for all i 6= c, i.e M is relative Cohen-Macaulay with respect to a.
(ii) Hdm(H
c
a(M))
∼= ER(k)
r(M) and Him(H
c
a(M)) = 0 for all i 6= d.
(iii) ExtdR(k,H
c
a(M))
∼= kr(M) and ExtiR(k,H
c
a(M)) = 0 for all i 6= d.
(iv) µi(m,Hca(M)) = r(M)δdi.
Moreover, if a satisfies the above conditions, it follows that HomR(M,M) ⊗R Rˆ
a ∼=
HomR(H
c
a(M),H
c
a(M)) and Ext
i
R(H
c
a(M),H
c
a(M)) = 0 for all i 6= 0, where r(M)
denotes the type of M .
2. Main results
Definition 2.1. We say that a finitely generated R-module M is relative Cohen
Macaulay with respect to a if there is precisely one non-vanishing local cohomology
module of M with respect to a. Clearly this is the case if and only if grade (a,M) =
cd(a,M), where cd(a,M) denotes the cohomological dimension of M with respect
to a, which is the largest integer i for which Hia(M) 6= 0. Observe that the notion
of relative Cohen-Macaulay module is connected with the notion of cohomologically
complete intersection ideal which has been studied in [3].
Remark 2.2. Let M be a relative Cohen-Macaulay module with respect to a and
let cd(a,M) = n. Then, in view of [1, Theorems 6.1.4, 4.2.1, 4.3.2], it is easy to
see that SuppHna (M) = Supp(M/aM ) and htMa = grade (a,M), where htMa =
inf{ dimRp Mp| p ∈ Supp(M/aM) }.
Definition 2.3. ( See [7, Theorem 3.11].) A non-zero finitely generated module M
over a local ring (R,m) is said to be a Gorenstein R-module if the following equalities
hold true
depthM = dimM = idRM = dimR.
Definition 2.4. For any prime ideal p of R, the i-th Bass number ofM with respect
to p is defined by µi(p,M) := vdim k(p) Ext
i
Rp
(k(p),Mp). If (R,m) is local and M is
finitely generated of depth t, then the number µt(m,M) is called type of M and is
denoted by r(M).
Let M be a non-zero finitely generated module over a local ring (R,m) and let a
be an ideal of R. Let E.
R
(M) be a minimal injective resolution for M . It is a well-
known fact that E.
R
(M)i =
⊕
p∈Spec(R) µ
i(p,M)ER(R/p), where ER(R/p) denotes
the injective hull of R/p. Now, let c = grade (a,M). Then, Γa(E
.
R
(M)i) = 0 for all
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i < c. Therefore Hca(M) = ker(Γa(E
.
R
(M))c −→ Γa(E
.
R
(M))c+1). This observation
provides an embedding 0 −→ Hca(M)[−c] −→ Γa(E
.
R
(M)) of complexes of R-modules
where Hca(M)[−c] is considered as a complex concentrated in homological degree
zero.
Definition 2.5. ( See [4, Definition 4.1].) The cokernel of the embedding
0 −→ Hca(M)[−c] −→ Γa(E
.
R(M))
is denoted by C .
M
(a) and is called the truncation complex. Therefore, there is a
short exact sequence
0 −→ Hca(M)[−c] −→ Γa(E
.
R(M)) −→ C
.
M (a) −→ 0
of complexes of R-modules. We observe that Hi(C .
M
(a)) ∼= Hia(M) for all i > c
while Hi(C .
M
(a)) = 0 for all i ≤ c.
The following proposition is of assistance in the proof of the main result.
Proposition 2.6. Assume that M is a Gorenstein module over a local ring R.
Then, with the previous notation the following statements are true.
(i) There is an exact sequence
0→ Ext0R(C
.
M (a),M)→ HomR(M,M)⊗RRˆ
a → ExtcR(H
c
a(M),M)→ Ext
1
R(C
.
M (a),M)→ 0.
(ii) There are isomorphisms Exti+c
R
(Hca(M),M)
∼= Exti+1
R
(C .
M
(a),M) for all i >
0.
(iii) Suppose that M is relative Cohen-Macaulay with respect to a. Then
ExtcR(H
c
a(M),M)
∼= HomR(M,M) ⊗R Rˆ
a and Exti+c
R
(Hca(M),M) = 0 for
all i 6= 0.
Proof. We first notice that, since M is Gorenstein, R is Cohen-Macaulay and Mˆ is
a Gorenstein Rˆ-module. Now, let ω
Rˆ
be a canonical module of the ring Rˆ. Then, in
view of [2, Exercise 3.3.28], Mˆ is isomorphic to a direct sum of finitely many copies
of ω
Rˆ
. Hence, one can use [2, Theorem 3.3.10(c)], [2, Theorem 3.3.4(d)] and the fact
that Exti
Rˆ
(Mˆ , Mˆ) ∼= ExtiR(M,M) ⊗R Rˆ for all i, to see that Ext
i
R(M,M) = 0 for all
i > 0 and that HomR(M,M) is a flat R-module.
(i): Let E. be a minimal injective resolution for M . Then, since E. is a bounded
complex of injective R-modules, by applying the functor HomR(−, E
.) on the exact
sequence of R-complexes in 2.5 we obtain the following short exact sequence of
complexes
0 −→ HomR(C
.
M (a), E
.) −→ HomR(Γa(E
.), E.) −→ HomR(H
c
a(M), E
.)[c] −→ 0.
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Now, let x
¯
= x1, . . . , xn be a generating set of the ideal a, and let Cˇx
¯
(R) be the
Cˇech complex of R with respect to x
¯
. Then, in view of [6, Theorem 1.1], there
exists an isomorphism RΓa(M) ≃ Cˇx
¯
(R)⊗L
R
M in the derived category. Now, since
ExtiR(M,M) = 0 for all i > 0, we see that HomR(M,M) ≃ RHomR(M,M). Thus,
we get the following isomorphisms
RHomR(RΓa(M),M) ≃ RHomR((Cˇx
¯
(R)⊗L
R
M),M)
≃ RHomR(Cˇx
¯
(R),RHomR(M,M))
≃ RHomR(Cˇx
¯
(R),HomR(M,M)),
in the derived category. Now, since HomR(M,M) is flat, one can use [6, Theo-
rem 1.1] and the above isomorphisms to deduce that Hi(RHomR(RΓa(M),M) = 0
for all i 6= 0 and that H0(HomR(Γa(E
.), E.)) ∼= HomR(M,M) ⊗R Rˆ
a. On the
other hand, since Γa((E
.)i) = 0 for all i < c = grade (a,M) and HomR(N,X) =
HomR(N,Γa(X)) for any a-torsion R-module N and for all R-modules X, one can
deduce that ExtiR(H
c
a(M),M) = 0 for all i < c. Therefore, with the aid of the above
considerations, the induced long exact cohomology sequence of the above exact se-
quence of complexes provides the statements (i) and (ii) of the claim.
(iii): Assume thatM is relative Cohen-Macaulay with respect to a. Then, one can
easily check that the complex C .
M
(a) is exact; and so the complex HomR(C
.
M
(a), E.)
is also exact. Therefore, ExtiR(C
.
M
(a),M) = Hi(HomR(C
.
M
(a), E.)) = 0 for all i.
Hence, the assertion follows from (i) and (ii). 
The following lemma and definition are needed in the proof of the next result.
Lemma 2.7. ( See [3, Proposition 4.1].) Let n be a non-negative integer and let M
be an arbitrarily R-module over a local ring (R,m). Then the following conditions
are equivalent.
(i) Him(M) = 0 for all i < n.
(ii) ExtiR(R/m,M) = 0 for all i < n.
Definition 2.8. Let (R,m) be a local ring and let a be a proper ideal of R. Then, we
say that a non-zeroR-moduleM is relative Cohen-Macaulay in SuppR(M/aM)\{m},
whenever Mp is relative Cohen-Macaulay with respect to aRp and cd(aRp,Mp) = c
for all p ∈ SuppR(M/aM) \ {m}, where c = htMa.
The following theorem extends the main result [3, Theorem 0.1].
Theorem 2.9. Let a be an ideal of a local ring (R,m, k) and M a Gorenstein R-
module. Suppose that M is relative Cohen-Macaulay in SuppR(M/aM) \ {m}. Set
c := htMa and d := dimM/aM . Then the following statements are equivalent.
(i) Hia(M) = 0 for all i 6= c, i.e M is relative Cohen-Macaulay with respect to a.
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(ii) Hdm(H
c
a(M))
∼= ER(k)
r(M) and Him(H
c
a(M)) = 0 for all i 6= d.
(iii) ExtdR(k,H
c
a(M))
∼= kr(M) and ExtiR(k,H
c
a(M)) = 0 for all i 6= d.
(iv) µi(m,Hca(M)) = r(M)δdi.
Moreover, if one of the above statements holds, then ExtiR(H
c
a(M),H
c
a(M)) = 0 for
all i 6= 0 and HomR(H
c
a(M),H
c
a(M))
∼= HomR(M,M) ⊗R Rˆ
a, where Rˆa denotes the
a-adic completion of R.
Proof. (i)⇒(ii): First, we can use [5, Proposition 2.8] and the assumption to see
that Him(H
c
a(M))
∼= Hi+cm (M) for all i ≥ 0. Now, since M is Cohen-Macaulay of
dimension n, Hdm(H
c
a(M))
∼= Hnm(M) and H
i
m(H
c
a(M)) = 0 for all i 6= d. On the
other hand, in view of [5, Theorem 2.5] and the assumption, Hnm(M) is an injective
R-module. Therefore, one can use [5, Corollay 2.2] to achieve the isomorphism
Hnm(M)
∼= ER(k)
r(M).
(ii)⇒(iii): It follows from Lemma 2.7 that ExtiR(k,H
c
a(M)) = 0 for all i < d.
On the other hand, since Hdm(H
c
a(M)) is injective, one can use [5, Proposition
2.1] to see that Exti
R
(k,Hca(M)) = 0 for all d < i and that Ext
d
R
(k,Hca(M))
∼=
HomR(k,H
d
m(H
c
a(M)))
∼= kr(M), and hence the assertion is done. The implications
(iii)⇔(iv) is clear.
(iii)⇒(ii): First, in view of Lemma 2.7, Him(H
c
a(M)) = 0 for all i < d. Now,
since dimRH
c
a(M) ≤ dimRM/aM = d, one can use the vanishing theorem to see
that Him(H
c
a(M)) = 0 for all d < i. Therefore, [5, Proposition 2.1] implies that
HomR(R/m,H
d
m(H
c
a(M)))
∼= kr(M), and so it is an Artinian R-module. Hence, by
[1, Theorem 7.1.2], Hdm(H
c
a(M)) is Artinian. Thus, one can use [5, Corollary 2.2] to
see that µ1(m,Hdm(H
c
a(M))) = µ
d+1(m,Hca(M)) = 0 and µ
0(m,Hdm(H
c
a(M))) = r(M).
Hence Hdm(H
c
a(M)) is an injective R-module, and so we obtain the isomorphism
Hdm(H
c
a(M))
∼= ER(k)
r(M).
(ii)⇒(i): SinceM is relative Cohen-Macaulay in SuppR(M/aM)\{m}, one can use
[5, Proposition 2.8] to deduce that HipRp(H
c
aRp
(Mp)) ∼= H
i+c
pRp
(Mp) for all prime ideals p
in SuppR(M/aM)\{m} and for all i ∈ Z. On the other hand, sinceM is Gorenstein,
one can use [5, Theorem 2.5] and [5, Corollay 2.2] to see that Hnm(M)
∼= ER(k)
r(M).
Therefore, the assertion follows from [4, Theorem 4.4]. Next, one can use Proposition
2.6(iii) and [5, Proposition 2.1] to establish the final assertion.

Next, we provide an example to show that even if, for all p ∈ SuppR(M/aM)\{m},
Mp is relative Cohen-Macaulay with respect to aRp, but with different cohomological
dimensions, then Theorem 2.9 is no longer true.
Example 2.10. Let k be a filed and R = k[[x, y, z]]. Set a := (xy, xz). Then, we
have grade (a, R) = ht a = 1. Also, one can use Mayer-Vietoris sequence to see that
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cd(a, R) = 2 and H1a(R)
∼= H1(x)(R). On the other hand, it is easy to see that, for
all prime ideals p in V(a) \ {m}, aRp = (x)Rp or aRp = (y, z)Rp; and hence Rp is
relative Cohen-Macaulay with respect to aRp for all prime ideals p in V(a) \ {m}
with cd(aRp, Rp) ∈ {1, 2}. Next, since H
i
(x)(R) = 0 for all i 6= 1, one can see that
Him(H
1
(x)(R))
∼= Hi+1m (R) for all i. Hence, by using the fact that R is Gorenstein, we
have Hdm(H
1
a(R))
∼= ER(k) and H
i
m(H
1
a(R)) = 0 for all i 6= d, where d = dimR/a.
Next, we single out a certain case of the above theorem for M = ωR, where ωR
denotes a canonical module of a Cohen-Macaulay ring R.
Corollary 2.11. Let (R,m, k) be a local Cohen-Macaulay ring which admits a
canonical R-module ωR and let a be an ideal of R with htRa = c and dimR/a = d.
Suppose that ωR is relative Cohen-Macaulay in V(a) \ {m}. Then the following
statements are equivalent.
(i) Hia(ωR) = 0 for all i 6= c.
(ii) Hdm(H
c
a(ωR))
∼= ER(k) and H
i
m(H
c
a(ωR)) = 0 for all i 6= d.
(iii) ExtdR(k,H
c
a(ωR))
∼= k and ExtiR(k,H
c
a(ωR)) = 0 for all i 6= d.
(iv) µi(m,Hca(ωR)) = δdi.
Moreover, if a satisfies the above conditions, then ExtiR(H
c
a(ωR),H
c
a(ωR)) = 0 for all
i 6= 0 and Rˆa ∼= HomR(H
c
a(ωR),H
c
a(ωR)), where Rˆ
a denotes the a-adic completion of
R.
Proof. We first notice that Supp(ωR/aωR) = Supp(ωR) ∩ V(a) = V(a). Therefore,
dim(ωR/aωR) = dim(R/a) and htRa = ht ωRa. On the other hand, one can use
[2, Proposition 3.3.11] to see that ωR is a Gorenstein R-module of type 1 and that
HomR(ωR, ωR) ∼= R. Hence, the assertion follows from Theorem 2.9.

The following corollary, which is an immediate consequence of Corollary 2.11, has
been proved in [3, Theorem 0.1] as a main result.
Corollary 2.12. Let (R,m, k) be a local Gorenstein ring and let a be an ideal of
R. Set htRa = c and dimR/a = d. Suppose that R is relative Cohen-Macaulay in
V(a) \ {m}. Then the following statements are equivalent.
(i) Hia(R) = 0 for all i 6= c, i.e R is relative Cohen-Macaulay with respect to a.
(ii) Hdm(H
c
a(R))
∼= ER(k) and H
i
m(H
c
a(R)) = 0 for i 6= d .
(iii) ExtdR(k,H
c
a(R))
∼= k and ExtiR(k,H
c
a(R)) = 0 for all i 6= d.
(iv) µi(m,Hca(R)) = δdi.
Moreover, if one of the above conditions is satisfied, then Rˆa ∼= HomR(H
c
a(R),H
c
a(R))
and ExtiR(H
c
a(R),H
c
a(R)) = 0 for all i 6= 0.
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